We explore the question why our universe is four dimensional from an asymptotically safe vantage point. We find hints that asymptotically safe quantum fluctuations of gravity can only solve the U (1) Landau-pole problem in the Standard Model in four dimensions. This could single out the observed dimensionality of the universe as the critical dimensionality of asymptotically safe interactions.
We explore the question why our universe is four dimensional from an asymptotically safe vantage point. We find hints that asymptotically safe quantum fluctuations of gravity can only solve the U (1) Landau-pole problem in the Standard Model in four dimensions. This could single out the observed dimensionality of the universe as the critical dimensionality of asymptotically safe interactions.
I. MOTIVATION
To the best of our knowledge, our universe is fourdimensional. Experiments reach down to the micrometer level with tests of the gravitational inverse-square law [1] [2] [3] [4] , conversely up to several TeV with searches at the LHC [5, 6] , see also [7] for an overview, and find no indications for extra dimensions at these distances. This motivates us to ask: What is special about four dimensions? For instance, starting from a string-theoretic paradigm for the nature of the microscopic building blocks of our universe, d = 10 appears as the critical dimension of the superstring. Here, we take a step towards discovering whether a quantum-field theoretic description of the fundamental building blocks of nature might also give rise to a critical dimensionality. Specifically, we work within the asymptotic-safety framework. Asymptotic safety, first proposed for quantum gravity by Weinberg [8] , is a quantum field theoretic paradigm that could make a predictive description of quantum gravity possible. It is particularly appealing in its simplicity, as it is based on a generalization of the powerful principle of asymptotic freedom and describes the quantum properties of spacetime in terms of quantum fluctuations of the metric. Asymptotic safety corresponds to an interacting ultraviolet (UV) fixed point of the Renormalization Group (RG) flow, such that the microscopic dynamics is characterized by scalesymmetry. Indications for the existence of the Reuter fixed point were discovered in Euclidean gravity [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] and Euclidean gravity-matter systems [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] , including in higher dimensions [12, 24, [34] [35] [36] . For recent reviews see, e.g., [37] [38] [39] [40] [41] [42] . Asymptotic safety is not unique to quantum gravity; interacting RG fixed points exist in quantum field theories with fermions, scalars as well as in gauge theories across different dimensions, see, e.g., [43] [44] [45] [46] , including gauge-Yukawa systems in four dimensions [47, 48] .
In quantum field theory, d = 4 is a special dimension, as it is the critical dimension for the interactions in the Standard Model, resulting in perturbative renormalizability. On the other hand, the critical dimension for Einstein * eichhorn@sdu.dk † m.schiffer@thphys.uni-heidelberg.de gravity is d = 2, as this is the dimensionality in which the Newton coupling is dimensionless. Combining Standard Model matter and gravity within the asymptotic safety paradigm thus raises the intriguing question whether the combined model gives rise to a preferred dimensionality and what its value might be.
II. ASYMPTOTICALLY SAFE QUANTUM GRAVITY AND THE U(1) GAUGE SECTOR OF THE STANDARD MODEL
In this letter, we focus on the Abelian gauge sector of the Standard Model, featuring the scale-dependent hypercharge coupling g Y (k), where k is a momentum scale. Quantum fluctuations of charged matter effectively turn the vacuum into an antiscreening medium. Accordingly, the value of the gauge coupling g Y (k) decreases as the momentum scale k is lowered. This is encoded in the beta function which reads
at one-loop order. Hence, the scale-dependence of the gauge coupling is given by
such that a finite value of g Y at k 0 is linked to a divergence in the coupling in the UV, the so-called Landau pole.
The Landau pole suggests a breakdown of the Standard Model at a finite scale [49] [50] [51] [52] . An ultraviolet completion requires the presence of new physics. It is intriguing that a minimalistic extension by asymptotically safe quantized gravitational fluctuations without any additional degrees of freedom could suffice to induce a predictive ultraviolet completion [53] [54] [55] : Asymptotically safe quantum gravity results in an additional contribution to the flow of the gauge coupling. It is leading order in the gauge coupling, as it only enters linearly in g Y . Including the gravitational contribution, the beta-function for g Y in an asymptotically safe setting is given by
The gravitational term dominates at small couplings. 
Pl . As a consequence, f g = const holds in this regime.
At sufficiently small g Y (k ≥ M Pl ), the linear term in Eq. (3) dominates. Due to the antiscreening nature of asymptotically safe quantum fluctuations of gravity, the Abelian gauge coupling becomes asymptotically free. Accordingly, gravity fluctuations render this sector ultraviolet complete. A second, interacting fixed point provides another possibility for an ultraviolet completion that even results in a retrodiction of the gauge coupling [53] [54] [55] 59] .
A similar contribution as in Eq. (3) has been discussed in a different setting, namely in perturbation theory, see, e.g., [60] [61] [62] [63] , where no scale-dependence of the gravitational interactions was taken into account. In the absence of a cosmological constant [64] , a field-redefinition allows to shift the gravitational effect in perturbation theory to higher-order interactions [65] . We stress the difference of this setting to a common asymptotically safe fixed point for gravity and matter which generically features a finite cosmological constant. Field redefinitions cannot change the universal properties of such a fixed point, such as the critical exponents, which include f g in the present case. In a different choice of coordinates in field space, the universal physical consequences of a fixed point are therefore expected to be encoded in a more involved fashion.
We next turn our attention to the case d > 4. We make the assumption that the extra dimensions are compactified, such that observational bounds on the dimensionality of our universe at large scales can be met. Further, we focus on the asymptotically safe fixed-point regime in the far ultraviolet, at distance scales much smaller than any compactification scale. 
In fact, as we will show, f g (d) > 0 for all d ≥ 4. Thus gravity always acts like an effective decreased dimensionality. If the "effective dimensionality" is smaller than 4, then the gauge coupling is asymptotically free. Accordingly, f g (d = 4) > 0 is sufficient to render the gauge coupling asymptotically free in d = 4, as highlighted in the upper panel of Fig. 1 . In d > 4 spacetime dimensions, the gravity-induced term has to compete with an actual canonical-dimension term. The latter counteracts the gravitational term. To reduce the "effective dimensionality" sufficiently, f g (d) has to exceed the critical value
In our setting, f g > f g, crit is a necessary condition to avoid the Landau pole and render the Abelian gauge sector UV-complete without the need for new physics beyond gravity, cf. the lower panel of Fig. 1 . Unless the strength of the gravitational contribution grows sufficiently to ensure f g (d) > f g, crit (d) as the dimensionality of spacetime is increased, the gravitational solution to the Abelian triviality problem could only be available in
As an increase in the dimension leads to an increased number of propagating gravitational degrees of freedom with d(d − 3) 2, one might expect f g (d) to grow as a function of dimensionality. Yet, the impact of quantum fluctuations also depends on the d-dimensional integral over the momentum of virtual field configurations. This is related to the volume of the d-dimensional unit sphere and actually goes to zero with Γ[d 2]
−1 as d → ∞. Therefore, for fixed values of the gravitational couplings, f g (d) is expected to decrease with increasing d. This is the opposite behavior to that required to satisfy the condition f g (d) > f g, crit = (d − 4) 2. This could be circumvented by an appropriate dependence of the asymptotically safe fixed-point value of the Newton coupling g * on the dimensionality. In fact, f g is proportional to g * (d), and thus depends on d also indirectly,
a gravitational solution to the Landau-pole problem requires an increasingly non-perturbative nature of gravity in order for the fixed-point value of the Newton coupling to grow sufficiently fast to compensate for both effects.
However, a weakly coupled nature of asymptotically safe quantum gravity appears favored due to several arguments. Firstly, the Standard Model couplings are perturbative at the Planck scale. This suggests that the underlying UV completion, which generates these values, is (near-) perturbative in nature. In fact, hints for this scenario have been discovered in d = 4 [54, 55, [66] [67] [68] . Secondly, a near-perturbative description of gravity is favored from a computational point of view due to its controllability. Indeed, in d = 4, indications for a nearperturbative, i.e., near-Gaussian behavior of asymptotically safe gravity have been found in [22, [31] [32] [33] [69] [70] [71] . Thirdly, the mechanism to induce asymptotic safety in gravity appears to be a competition of quantum and canonical scaling for the Newton coupling. This mechanism is familiar from non-gravitational models [43, 44, 46, 72] and allows to connect interacting fixed points in higher dimensions to the free fixed point in the critical dimension of the model. Such a connection allows to recover asymptotically safe fixed points from appropriate Padé-resummations of the -expansion that can be calculated perturbatively. Fourth, one-loop perturbation theory in gravity actually provides explicit hints for an asymptotically safe fixed point [73, 74] .
Moreover, there are indications that the strength of gravitational fluctuations must not be too large to allow for a UV complete model [58, [75] [76] [77] as, beyond the weak-gravity regime, quantum gravity triggers new divergences in the matter sector. Specifically, the interacting nature of asymptotically safe gravity percolates into the matter sector and induces higher-order interactions in the ultraviolet [33, 58, [75] [76] [77] [78] [79] [80] . At small values of the gravitational coupling strength, these higher-order operators are benign: The ultraviolet fixed-point values of these couplings are small, and they remain irrelevant even under the impact of quantum gravity. At larger values of the gravitational coupling strength, the formal fixed-point solution for some of the higher-order operators is complex. This is not physically viable and restricts the allowed parameter space for the microscopic gravitational couplings to the weak-gravity regime.
More specifically, asymptotically safe gravity generates a term quartic in the U (1) field strength of the form w 2 F 2 2 [58] . At sufficiently large gravitational coupling a novel UV-divergence is triggered by purely gravitational contributions to the flow of w 2 . These generate a non-vanishing flow even at w 2 = 0 by contributions to the flow that are proportional to the Newton coupling g, but independent of the coupling w 2 itself. Schematically, the flow of w 2 takes the form of
where A 0 and A 1 are functions of g, such that A 0 → 0 for g → 0. Thus, at vanishing g, i.e., in the absence of gravity, β w2 = 0 is solved by w 2 * = 0. This is no longer the case at finite g, where
Thus, w 2 cannot be set to zero in the presence of gravity, and instead features a shifted Gaussian fixed point proportional to the Newton coupling, w 2 * ∼ g, for small g. Further, it turns out that the shifted Gaussian fixed point vanishes into the complex plane at
which can be re-expressed as a bound on g. Beyond this critical strength of the gravitational interaction, the novel divergences in w 2 associated to the lack of an ultraviolet fixed point signify the UV-incompleteness of the model. Accordingly, a viable UV completion has to simultaneously fulfil the conditions
Both conditions can be re-expressed as conditions on the microscopic values of the gravitational couplings. While the former requires a sufficiently large g * , the latter necessitates a sufficiently small g * . Whether these opposing requirements can be reconciled requires an explicit calculation.
We calculate f g (d) and A 0 , A 1 and A 2 with functional RG techniques [81] [82] [83] . The functional RG is based on the scale dependent effective action Γ k and realizes the Wilsonian idea of momentum-shell wise integration of quantum fluctuations. The Wetterich equation encodes the scale dependence of the dynamics and is given by
where
is the second functional derivative of the scale-dependent effective action. The infrared regulator R k suppresses low-energy modes in the generating functional underlying Γ k . At the same time, it ensures UV finiteness and implements the step-wise integration of quantum fluctuations according to their momentum in the flow equation (10) . We choose a Litim type cutoff [84] 
where Z Φ stands for the wave-function renormalization of the respective field. For introductions and general reviews of the method, see, e.g., [85] [86] [87] [88] ; specifically for the application in gravity and gauge theories, see, e.g., [37, 89, 90] . The flow equation has a diagrammatic representation in terms of one-loop diagrams with a regulator insertion. Due to their dependence on the dressed propagator they can be understood as resummations of perturbative contributions. The direct gravitational contribution to β g Y is encoded in the first two diagrams in Fig. 2 , such that
We work within a truncation of the full dynamics given by where we have already expressed all couplings by their dimensionless counterparts in units of k. The gravitational dynamics is encoded in the values of the two couplings g and λ. For the gauge-fixing, we use a standard covariant gauge condition in the Landau-gauge limit for the photons and metric fluctuations. To evaluate the RG flow, we use the Mathematica package xAct [91] [92] [93] [94] as well as the FORM-tracer [95] .
Our results are given by
where the contribution in the last line corresponds to the third diagram in Fig. 2 . It depends on g implicitly, as w 2 * is a function of g, determined by solving β w2 = 0. Our first key result consists in the comparison of f g (d) to f g, crit (d), cf. Fig. 3 . As expected, these exhibit opposite behaviors with increasing d. Accordingly, a gravitational solution to the Landau-pole problem becomes more difficult to achieve as d increases. In fact, a strong increase of the microscopic gravitational coupling g is the only possibility to compensate for the decline of f g (d) as a function of d. To highlight that the required increase of the microscopic gravitational coupling appears irreconcilable with a well-controlled UV behavior of the entire Abelian sector, we evaluate w 2 * by studying its beta function
The terms proportional to g 2 , g w 2 and w 2 2 correspond to the diagrams of the first, second and third row in Fig. 4 , respectively. In the above expressions we work in the approximation where anomalous dimensions arising from the regulator-insertion are neglected.
We can now study explicitly, whether the two conditions f g (d) > f g, crit (d) and A 0 (g) ≤ A 0, crit (g) can be met simultaneously for any values of the gravitational couplings g and λ, as the dimensionality is increased. The green area of the upper panel in Fig. 5 indicates where the condition f g > f g, crit holds in d = 4. The red hatched area indicates where strong gravity fluctuations induce new divergences in the matter sector, i.e., where A 0 > A 0, crit , such that the fixed point of w 2 lies off the real axis. Therefore, the overlap of the red hatched region with the green region is removed from the allowed gravitational parameter space. In d = 4, the fixed-point values for gravity in the presence of minimally coupled, non-interacting Standard Model matter actually fall into the remaining green region [21, 24, 29, 30] . This indicates that quantum gravity could solve the Landau-pole problem in d = 4.
The situation is very different in d > 4: We study the area of the allowed region in a very extended range of gravitational couplings, g ∈ (0, 1000) and λ ∈ (−1500, 0.5), and find that it is already very small in d = 5 and shrinks to zero at d ≈ 5.8, as the green region overlaps completely with the red hatched region, cf. Fig. 6 . Already in d = 6, the green region has moved very far into the red hatched region, cf. lower panel in Fig. 5 . Accordingly, in our approximation in d = 6 and above the Abelian gauge sector remains UV-incomplete even in the presence of gravity irrespective of which fixed-point values g * and λ * are realized.
Our explicit calculation leading to Fig. 5 and 6 is subject to systematic errors due to our use of a truncation for the calculation of the RG flow. Extended truncations will lead to changes in the fixed-point values for g, λ, as well as deformations of the boundaries shown in Fig. 5 . We highlight that very large deformations would be required to change our conclusion that there is no viable area in the gravitational coupling space, cf. Fig. 6 within the explored range g ∈ (0, 1000), λ ∈ (−1500, 0.5) in d ≥ 6. Further, the qualitative aspects of the scenario put forward here are unaffected by the choice of truncation, and single out d = 4 as the only dimensionality in which a gravitational solution to the Landau-pole problem appears achievable.
IV. SUMMARY
A simple description of the microscopic building blocks of nature in terms of the quantum fields of the Standard Model, together with quantum-gravity effects encoded in metric fluctuations, appears to be compatible with current data from the LHC. In such a setting, scaleinvariance takes center stage at (trans)Planckian energies. Most intriguingly, this principle appears to potentially be powerful enough to restrict free parameters of the Standard Model, such as the low-energy values of several couplings [53-55, 66, 67] . A similar point of view has been advocated in [96] . Yet, free parameters, connected to the quantum nature of spacetime, remain. We have tackled one of them, namely the question why we live in four spacetime dimensions. We have found indications that d = 4, and possibly d = 5, is the only dimensionality in which two competing effects can be reconciled in our setting: On the one hand, a gravitational solution to the Landau-pole problem requires gravitational fluctuations to be strong enough. Only then can they lower the effective dimensionality of spacetime, defined from the canonical plus the gravitational quantum scaling of the gauge coupling, to below four. Yet, the canonical contribution increases as a function of the spacetime dimensionality, requiring the gravitational contribution to increase with it. As our first key result, we have shown that the gravitational contribution actually exhibits the opposite behavior and decreases with d due to a loop-suppression if the gravitational coupling is held fixed. Thus, a gravitational solution to the Landau-pole problem necessitates a strong growth of the microscopic gravitational coupling g * . On the other hand, gravitational fluctuations should remain near-perturbative in the ultraviolet. One explicit manifestation of this requirement is the existence of new divergences in the matter sector that appear once gravity fluctuations become strong. These divergences appear in otherwise benign higher-order couplings, and prevent the viability of a gravity-induced ultraviolet completion. As a consequence, there is an excluded "strong-gravityregime" in the space of gravitational couplings. In d = 4, it is possible to remain in the allowed region while simultaneously solving the Landau-pole problem. As d is increased, the viable area in the gravitational parameter space where this is possible without entering the "strong-gravity regime", shrinks to zero within the explored range.
Thus, d = 4 dimensions appears to be special in asymptotically safe matter-gravity models as the only dimensionality that can accommodate an ultraviolet complete Abelian sector. According to our results, d = 5 might work, but only within a tiny part of the gravitational parameter space. One might expect an embedding into a grand unified theory (GUT) to provide a way to circumvent this constraint. In d = 4 dimensions, GUTs can be asymptotically free, or feature Landau poles, depending on the matter content, see, e.g., [97] . The former become asymptotically safe in d = 4 + dimensions [43, 44, 98] even in the absence of gravity. Yet, even without gravity there is an upper critical dimension beyond which asymptotic safety in non-Abelian SU(N ) gauge theories is lost [44] and these theories are no longer UV complete on their own. With gravity, we expect this upper critical dimension to be shifted towards larger d, as the gravitational contribution ∼ f g again acts akin to a dimensional reduction. However, this requires a strong growth of the Newton coupling as a function of d to make the effect strong enough to induce asymptotic freedom. On the other hand, the existence of an excluded strong-gravity region in parameter space is expected to persist in the non-Abelian case. In summary, we expect that embedding the Standard Model into a GUT could provide a way to arrive at a UV-complete model in d = 5, but presumably not far beyond.
This indicates that the predictive power of the asymptotic-safety paradigm could extend to parameters beyond those characterizing the dynamics, and potentially even fix fundamental parameters of the geometry of spacetime. It is indeed remarkable that requiring a simple description of nature which does not need degrees of freedom beyond those that have already been observed, might work at all -establishing whether it does of course requires to check additional conditions beyond the UV completion of the Abelian sector -and furthermore actually appears to single out d = 4 as the only potentially viable choice of dimensionality.
It is a particularly intriguing question whether a similar argument pertains to the Lorentzian case of 3 + 1 dimensions.
